5. The symmetric group

The symmetric group S, is the group of all permutations of X = {1,...,n} under
composition, that is, Sy of Definition 4.2. It makes the ideas of Chapter 4 con-
crete. Its elements move labels, its cycle decomposition describes orbits, and
conjugation changes the labelling. In physics, labels can mark particles, identi-
cal degrees of freedom, or the positions of indices in a tensor. We first develop
the rules for manipulating permutations, then use them to organise motions and
arrays of physical quantities.

5.1. PERMUTATIONS, CYCLES, AND CYCLE DECOMPOSITION

A permutation is written in two rows, each image below its argument,

(1 2 .. n )
"o 0@ - )
and permutations are composed right to left, (py)(i) = e(Y/(i)).
Definition 5.1 (Cycle). Letiy,...,i be distinct elements of X. The permutation

carrying
Ij g > g
and fixing every other element is an r-cycle, written (iy iy - i,). A 2-cycleis a

transposition. Two cycles are disjoint if no element appears in both.

The notation is not unique. A cycle may be started anywhere,
(234) = (342) = (423),

and reversing it gives the inverse, (234)™! = (43 2). Disjoint cycles commute,
since each fixes what the other moves,

(234)(56) = (56)(234),
while cycles sharing an element need not,

(12)(23)=(123),  (23)(12)=(132).

Theorem 5.2 (Cycle decomposition). Every ¢ € S, has a complete factorization
into disjoint cycles, one for each orbit on X of (p) = {¢* : k € Z}, including a
1-cycle for each fixed point. It is unique up to the order of the cycles and cyclic
rotation of their entries.
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5. The symmetric group

Proof. One orbit. For x € X, let r be the first step at which the sequence
x, p(x), (pz(x),... repeats an entry. Since X has n elements, 1 < r < n, and
the r points x, p(x), ..., ¢" "!(x) are distinct. Write ¢"(x) = ¢'(x) with 0 < i < r.
Applying ¢~ gives

e i(x) = x.
If i > 0 this repeats x at step r — i < r, against the choice of . So i = 0 and the
sequence closes into a cycle,

x> @(x) > o Hx) - X

Both ¢ and ¢! move along this chain, so its entries are exactly the orbit of x
under (@).

All orbits. The orbits partition X by Proposition 4.9. Form the cycle above for
each orbit, including (x) when x is fixed. These cycles are disjoint, and their
product agrees with ¢ at every point of X.

Uniqueness. In any complete factorization into disjoint cycles, the cycle contain-
ing x must follow x, ¢(x), q)z(x), ... until it returns to x, since every other factor
fixes each entry of that cycle. It is therefore the cycle just constructed, and only
its starting entry and the order of the disjoint cycles can vary. O

The orbits of size one are the fixed points, and a cycle notation usually leaves
them out. Writing them in gives the complete factorization, one cycle for each
orbit,

¢=(1 . Z)za)(zsx%)(s),

which has four cycles where the usual notation (2 3)(4 6) shows two.

Proposition 5.3. The order of a permutation is the least common multiple of the
lengths of the cycles in its complete factorization.

Proof. Let ¢ = y; - v; be disjoint, of lengths rq,...,r;. Disjoint cycles commute,
so @™ = yi" - y", and these factors move disjoint sets of points. So ¢ is the
identity exactly when every y{" is, that is, when r; divides m for each i. O

Example 5.4 (Reading off a decomposition). For
(1 2 3 4
=\ 41 3)

follow 1 > 2> 4+ 3+ 1,50 ¢ = (1243), of order 4. For y = (123)(45) € S
the complete factorization is (12 3)(4 5)(6) and the order is lem(3,2,1) = 6.

Quiz 5.1. Write the permutation 1+~ 3,2~ 5,3+ 6,4+ 2,5~ 4,6 — 1of
S¢ in cycles, and give its order. How many elements of S have order 4?
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5.2. Cayley’s theorem

5.2. CAYLEY'S THEOREM

Theorem 5.5 (Cayley). Every group G is isomorphic to a subgroup of Sg. If |G| =
n, then G is isomorphic to a subgroup of S,,.

Proof. Let G act on itself by left multiplication, h-g = hg, as in Example 4.4. The
action is a homomorphism

L:G— S, L(h)(g) = hg,

and L(h) = id forces h = he = e, so L is injective by Proposition 3.3. Therefore
G = im L, a subgroup of S;. Numbering the elements of G as 1, ..., n identifies
SG with Sn ]

To make the numbering explicit, let f : G — {1,...,n} be a bijection. Left
multiplication, written in these labels, is the permutation

Li(h)=foL(h) - f' €S,

Suppose we choose another numbering f’. The permutation ¢ = f” o f~! con-
verts an old label into its new label, so f* = o o f. Therefore

Lp(h) = f" o L(h) o (f)7"
=cofoL(h)o flog™!
=olL f(h)O'_l.
Reading the last expression right to left, we convert a new label back to the

old label, apply the old permutation, and convert the result to its new label.
Consequently the two subgroups of S, satisty

imLg = o(imLg)o™".

Left multiplication defines im L C Sg intrinsically. A numbering realizes this
subgroup inside S,; different numberings give conjugate subgroups, each iso-
morphic to the same group G.

Example 5.6 (Cyclic groups). For G = Z,, label the elements 0,1,...,n — 1 by
1,2,...,n, respectively. The element 1 acts by adding one to everything, which
is the n-cycle (12 -+ n). So Z,, = ((12 --- n)), and for n = 3,

Zy={e, (123), (132)} CS;.

For a concrete change of numbering, take G = Z, and choose

element of Z, ‘ 0 1
oldlabel f |1 2
new label f* |1 3

N W N
L N

The relabelling is o = (23). Addition by 1 gives L¢(1) = (123 4) in the old labels
and L/(1) = (1324) in the new ones. They satisfy

(23)(1234)(23)" ' =(1324).
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5. The symmetric group

Thus the image changes from ((1234)) to ((1324)). These subgroups are dis-
tinct. Their unique elements of order two are respectively (13)(24) and (12)(34).
Both still describe the same addition modulo four.

Example 5.7 (The Klein four-group). Write V = {e, a, b, ¢} with A =b=c?=e
and ab = c. The numbering and the labels obtained by left multiplication are

x e a b ¢
fx) |1 2 3 4
flax)|2 1 4 3
fbx) |3 4 1 2
flex) |4 3 2 1

Reading each of the last three rows as a permutation of the labels gives

Li@ = (12)(34),
Li(b) = (13)(24),
Ls(e) = (14)(23).

These three, with the identity, are a subgroup of S; isomorphic to V. Each row
of the multiplication table of G is a permutation of the elements, and Cayley’s
theorem is the observation that these permutations multiply as the group does.

Example 5.8 (A smaller home for D). Cayley’s theorem puts Dy, of order 8,
inside Sg. Its action on the four vertices of the square does better. With the
vertices numbered around the square as in Example 4.7, the quarter turn and
the reflection in the horizontal axis are

A=(1234), B=(14)(23), AB=(24),

so Dy is isomorphic to a subgroup of S4. The embedding of Cayley’s proof is the
regular action, which is free, while the vertex action is not, and a faithful action
on a smaller set gives a smaller symmetric group.

Quiz 5.2. Write out the eight permutations of {1, 2, 3, 4} given by D, acting on
the vertices, and check that they are closed under composition. Which elements
of S; are missing, and what do they do to the square?

5.3. TRANSPOSITIONS, PARITY, AND THE ALTERNATING GROUP

Proposition 5.9. Everyr-cycle withr > 2 is a product of transpositions,
(araz - ar) = (a1 a,)(ay ap—1) - (ay az),

so the transpositions generate S, forn > 2. A 1-cycle is the identity, the empty
product.
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5.3. Transpositions, parity, and the alternating group

Proof. Read the right-hand side from the right. It sends a; to ay, and it sends g;
for i > 2 first to a; and then to g;, 1, with a, going to a;. Points outside the cycle
are untouched. Every permutation is a product of cycles by Theorem 5.2. [

The adjacent transpositions s; = (i i+1) generate S,. To build an arbitrary ex-
change (a b), first suppose a + 1 < b and conjugate it by s,. Reading s,(a b)s,
from right to left gives
at+tl—>a—>b-b,
b—>b—a—a+1.

The label a returns to itself, and every other label is fixed. Thus conjugation has

changed the exchange of a and b into the exchange of a + 1 and b. Since s? = e,

we can also reverse this step.
s,(ab)s, = (a+1D), (ab) = sy(a+1 b)s,.

Repeating this step moves the first entry towards b, until the exchange is be-
tween the adjacent labels b — 1 and b. For example, in Ss,

(15)

$1 (2 5)31
s152(3 5)s251

$18953(4 5)83851

= §1598354535281-
The general expression is therefore, for b > a + 2,

(ab) = 848441 " Sh—2 Sh—1 Sb—2 *** Sa+15a-

For b = a + 1 the exchange is already s,. Since every permutation is a product
of transpositions, these adjacent exchanges generate S,,.

Forn > 2,let ¢ = (12 - n). Conjugating by c shifts both entries of an adjacent
exchange forward by one. The exchange (12) becomes (2 3), then (3 4), and so
on up to (n — 1 n). Starting from sy, after i — 1 such shifts we obtain s;, so

i

c —1510—(1‘—1) =5 (1<i<n).
Thus s; and ¢ produce every adjacent transposition, and S, = (s;,¢).

A presentation of S, stated here without proof, is
S, = (s S | =1, ssi=ss (i—j1>2),  $8:185 = Siv1SS; )
n 15e059n—1 | 9 > o] S L —Jl1 2 4), 1941 i+1°%+1 /-

Each s; squares to the identity, disjoint exchanges commute, and both sides of
the last relation exchange i with i + 2.

A transposition pair 77 = e can be inserted into any product, increasing the
number of factors by two without changing the permutation. The distinction

between an even and an odd number of factors is the parity of a permutation.

parity

AT

even permutation
a product of an even number of transpositions, and odd if it can be written as a (E B

product of an odd number of transpositions. The identity is even, as the empty odd permutation

product. AE

Definition 5.10 (Even and odd). A permutation is even if it can be written as
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5. The symmetric group

The determinant of a permutation matrix shows that every decomposition of a
given permutation has the same parity.

Definition 5.11 (Permutation matrix and sign). For ¢ € S, let P(¢) be the
matrix with P()¢ = €,(;), that is P(¢);; = &; 4(;), and set

sgn(p) := det P(¢p).

Proposition 5.12 (Parity and sign). P : S, — GL(n,x) is an injective homo-
morphism, and sgn : S, — {£1} is a homomorphism with sgn(t) = —1 for every
transposition 7. If ¢ is a product of k transpositions then sgn(p) = (—1), so the
parity of k depends only on ¢.

Proof. P(p)P(y)e; = P(@)éy(i) = €py(i)> S0 P is @ homomorphism, and P(¢) = 1
forces ¢ = id. The determinant is multiplicative, so sgn is a homomorphism,
and its values are +1 because P(p)~! = P(¢!) has integer entries. The matrix
of a transposition is 1 with two columns exchanged, of determinant —1. If two
decompositions of ¢ contain k and ¢ transpositions, respectively, their determi-
nants give

(—1)F = det P(p) = (-1)".

Hence k and £ have the same parity. Every permutation is therefore either even
or odd, and sgn(y) is +1 for an even permutation and —1 for an odd one. O

Proposition 5.13. An r-cycle has sign (—1)""1. If the complete factorization of
@ € S, hast cycles then sgn(p) = (=1)".

Proof. An r-cycle is a product of r — 1 transpositions by Proposition 5.9. If the
complete factorization has cycles of lengths rq, ..., then ) ;r; = n, since every
point lies in exactly one cycle, and sgn(p) = [[,(=1)""! = (-1)" . O

Example 5.14 (The sign in vector calculus). The Levi—Civita symbol packages
the sign of a permutation into indices. For o € S, set

€5(1)--0(n) = sgn(0),

and set it to zero when an index is repeated. Thus €153 = €331 = 1 and €135 = —1.
In three dimensions,

3
(Zi X b)l = Z Eijkajbk.
jk=1

Exchanging j and k changes the sign, giving?;xa = —Gxb. The same permutation
sign appears in the determinant expansion,

n
detM = Z sgn(o) H M; 5(i)-
i=1

o€ESs,

Parity therefore already occurs in familiar calculations with areas, volumes, and
cross products.
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5.3. Transpositions, parity, and the alternating group

Definition 5.15 (Alternating group). A, := ker(sgn), the even permutations
inS,.

It is a subgroup, being a kernel. For n > 2, the odd permutations form the coset
(12)A,,. Multiplication by (1 2) reverses parity. For any odd o, (1 2)o is even, so
o= (12)(1 2)0) € (12)A,. Thus every permutation belongs to one of the two
cosets,

S, =A,u(12)A,.

There are two cosets, so [S, : A,] =2 and

n!
|An| = ?

Example 5.16 (Small alternating groups). A, = {e} and A3 ={e,(123),(132)} =
Zs. Next,

Ay ={e}U{the eight 3-cycles} U {(12)(34), (13)(24), (14)(23)},

of order 12. The three double transpositions with e form the Klein four-group
of Example 5.7. While Aj is abelian, A4 is not,

(123)(124) = (13)(24), (124)(123) = (14)(23).
Proposition 5.17. A4 has no subgroup of order 6.

Proof. Suppose H C A, is a subgroup with |H| = 6, so [A; : H] = 2 and the
two cosets H and gH partition A, for any g ¢ H. Then g € H, since g°> € gH
would give g € H. So every square in A, lies in H. A 3-cycle o satisfies 0> = e,
hence ¢ = 0* = (¢2)?, and is a square. All eight 3-cycles would therefore lie in
H, which has six elements. ]

This is the counterexample promised in §4.5. A divisor of the order of a group
need not be the order of a subgroup.

Remark 5.18 (Sylow’s first theorem). If |G| = p*m with p prime and p not divid-
ing m, then G has a subgroup of order p®. We state this without proof. For A, it
gives a subgroup of order 4, which is the Klein four-group of Example 5.7.

The polyhedral groups of §4.6 can now be named.

Proposition 5.19. The rotation group of the regular tetrahedron is isomorphic to
Ay, and that of the cube to Sy.

Proof. A rotation of the tetrahedron permutes its four vertices. Their position
vectors measured from the centre span R?, so a rotation fixing all four is the iden-
tity and the resulting homomorphism into S; is injective. The identity, the eight
rotations through +27/3 about the four vertex axes, and the three half-turns
about the axes through midpoints of opposite edges account for all 12 rotations,

57



READING. [Moore, §7.5,

pp. 106-108, §7.5.2, pp. 122-124].

cycle type
e

partition

FAETES

5. The symmetric group

by Theorem 4.35. They give the identity, 3-cycles and double transpositions, all
even, so the image is a subgroup of A4 with 12 elements and equals A4.

A rotation of the cube permutes its four body diagonals. The six half-turns about
axes through midpoints of opposite edges give the six transpositions, which
generate Sy, so the homomorphism is onto. The rotation group has 24 elements,
as does Sy, so it is an isomorphism. O

We state without proof that the rotation group of the icosahedron is isomorphic
to As. Five cubes can be inscribed in the dodecahedron, each using one diagonal
of every face, and the rotations permute them.

Quiz 5.3. Is the set of odd permutations a subgroup of S,? Check that

sgn((123)(45)) = -1

in two ways, by counting transpositions and by Proposition 5.13.

5.4. CONJUGACY CLASSES OF S, AND YOUNG DIAGRAMS

Proposition 5.20. Foro € S, and a cycle (a; - a,),
o (ayay - a) o1 = (o(a) o(ay) ~ o(a)).

Proof. Apply the left-hand side to o(g;). First ™! gives a;, then the cycle gives
ai, 1, then o gives o(a;y1), with a,, 1 read as a;. A point outside {o(a;),...,0(a,)}
comes from a point outside the cycle and is left alone. The right-hand side does
the same. O

Conjugation therefore relabels the entries of a cycle without changing its length,
and applying it to a decomposition relabels every cycle at once.

Definition 5.21 (Cycle type). The cycletypeof € S, isthetuple A = (Ay,..., 4p),
where /; is the length of the i-th cycle in its complete factorization, ordered so
that A; > - > A; > 1. The lengths sum to n, so A is a partition of n. Write m;(1)
for the number of cycles of length i.

For example, (12)(34)(5) € S5 has A = (2,2, 1), with my(1) = 2and m(1) = 1.

Theorem 5.22 (Classes of S,). Two permutations are conjugate in S, exactly
when they have the same cycle type, so the conjugacy classes of S, are in bijection
with the partitions of n. The class of type A has size

n!

[T ™ m()r
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5.4. Conjugacy classes of S, and Young diagrams

Proof. Proposition 5.20 shows that conjugate permutations have the same cycle
type. Conversely, let ¢ and { have the same type. Write their complete factor-
izations with cycles of equal length aligned, and let o send each entry of ¢ to
the entry standing below it in 1. This o is a permutation, and opo™! = ¢ by
Proposition 5.20.

For the class size, take the group G = S, acting on the set X = S, by conjugation,

with the action
1

o-Q=0p0 .
The orbit of ¢ is its conjugacy class Cl(¢). Its stabilizer consists of the permuta-
tions whose conjugation leaves ¢ unchanged. This is the centralizer

Gy={0c €S, : opo ! =@} = Cs, ().

By Theorem 4.20, | Cl(¢)| = n!/|Cs (¢)|. To count this stabilizer, note that a sta-
bilizing o leaves every power of ¢ unchanged under conjugation, so o(¢*(x)) =
¢*(5(x)). Thus o maps each cycle onto a cycle of the same length, and the image
of one point determines the images of all points in that cycle. For the m; = m;(1)
cycles of length i, there are m;! ways to assign target cycles and i choices for the
image of a chosen point in each cycle, giving ™ choices. Conversely, each such
assignment defines a permutation leaving ¢ unchanged under conjugation. The
choices for different lengths are independent, giving

Cs, (@) = [T mr.
i
Substituting into the orbit-stabilizer formula gives the class size. O

Example 5.23 (The classes of S4). There are p(4) = 5 partitions of 4, hence five

classes.
partition  representative class size order

1+1+1+1 e 1 1
2+1+1 (12) 6 2
242 (12)(34) 3 2
341 (123) 8 3
4 (1234) 6 4

The sizes add to 1 + 6 + 3 + 8 + 6 = 24 = |S|, as the classes partition the group,
and each divides 24 as (4.1) requires.

A partition is drawn as a Young diagram, a left-justified array of boxes with /;
boxes in the i-th row. The five partitions of 4 are

[ ] (LIT]

1+1+1+1 2+1+1 2+2 3+1 4
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and they label the five classes of Example 5.23 in the same order. The number of
classes of S, is the number of partitions of n, the partition function p(n), which
runs 1,2,3,5,7,11,15,... forn = 1,2,... and has no simple closed form.

Definition 5.24 (Young tableau). A Young tableau is a Young diagram with n
boxes filled with 1,...,n, each used once. It is standard when entries increase
from left to right in every row and from top to bottom in every column.

For shape (2, 1) there are 3! = 6 tableaux, of which exactly two are standard.

1]2] 13

Remark 5.25 (One shape, two uses). Here a Young diagram records cycle lengths
and labels a conjugacy class. In Part II the same shapes will also label irreducible
representations through constructions that symmetrise tensor positions along
rows and antisymmetrise them along columns.

Remark 5.26 (Conjugacy classes in A;). The eight 3-cycles form a single class of
S;. In A4 the centralizer of (123) is ((123)), of order 3, so by (4.1) its A4-class
has 12/3 = 4 elements. The eight 3-cycles split into two classes of four, and the
conjugating element that merges them, a transposition, is missing from Ay.

Quiz 5.4. List the partitions of 5 and the class sizes of S5, and check that they
sum to 120. Which classes of S5 lie in A5? Challenge. Do any of them split into
more than one As-class?

5.5. PERMUTATIONS IN PHYSICAL SYSTEMS

Permutation symmetry occurs in coupled oscillators, tensor indices, and identical-
particle states.

5.5.1. Identical coupled oscillators

Example 5.27 (A collective motion and relative motions). Consider n > 2 iden-
tical scalar coordinates g;, with mass m > 0, the same restoring constant kq > 0,
and the same coupling k > 0 between every pair. Their kinetic and potential
energies are

T =

S 2 kO : 2k 2
g’ U:?Z%‘"‘EZ(%’—%).

i<j

1
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5.5. Permutations in physical systems

A permutation acts by (0 - q); = g,1(;), the matrix action of Definition 5.11.
Both energies are unchanged. The first sums run over every coordinate, and the
second over every unordered pair.

Separate the mean displacement from the relative displacements,
1
Q=;ZCI1‘, n=q—Q Y=o
i i

Relabelling leaves the collective pattern (Q, ..., Q) unchanged and preserves ) ; r; =
0. The collective displacement has one independent amplitude Q. The relative
displacements have n—1 independent amplitudes, since their n components obey
one sum constraint. The equations of motion are

mg; = —koq; —k Y _(qi — ;) = —kog; — nk(g; — Q).

JFI

Taking the mean, then subtracting it from each equation, gives

mQ = —kyQ, mi; = —(ky + nk)r;.

There is one collective mode with w? = ky/m, and n — 1 independent relative
modes with the same w? = (ky + nk)/m.

More generally, write U = %qTDq, where D is the symmetric stiffness matrix.
Invariance under relabelling means

P(¢)'DP(c) = D, Doiyo() = Dij-

Relabelling can send any coordinate to any other coordinate, and any pair of
distinct coordinates to any other such pair. Thus all diagonal entries of D are
equal, and all off-diagonal entries are equal. Writing these entries as a + b and
b, respectively, gives

D = al + buu’, u=(1,...,1)T.
For a collective displacement g = Qu, all coordinates move together. Sinceu'u =
ns

D(Qu) = (a + nb)Qu.

Thus the uniform pattern u is an eigenvector of D with eigenvalue a + nb. For a

relative displacement r = (ry, ..., r,,)T, the condition Zl- r; = 0 gives u'r =0, so

Dr = ar.
Every relative pattern is therefore multiplied by the same eigenvalue a. Since
the equations of motion are m§ = —Dg, the collective mode has w? = (a+nb)/m,

and all n — 1 relative modes have w? = a/m. In this example, a = k, + nk and
b = —k, recovering the two frequencies above.
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5. The symmetric group

5.5.2. Exchanging indices and rotating components

We can exchange the two index positions of an array A;; or rotate both indices.
For a real 3 x 3 array these operations are

(A) = AT, Rr(A) = RART, R e SO(3).

Here 72 = id, so 7 defines an S, action on the two index positions in Ajj, with
each index ranging over 1, 2, 3. The rotations give a second action, and the two
commute, since

(RARNT = RATRT.

Every array has the unique decomposition

T AT
A=S+K, 5:A+2A, K:AZA.

Thus 7(S) = S and 7(K) = —K. The two operations I, = (id+7)/2 satisfy
I? = I, and I1,IT_ = 0. They project onto the symmetric and antisymmetric
arrays. These are the simplest examples of the symmetrising and antisymmetris-
ing operations later associated with a row of two boxes and a column of two
boxes. Because rotations commute with 7, they preserve both spaces.

For a 3x3 array, this S, action separates the nine components into six symmetric
and three antisymmetric components. Rotations further separate the symmetric
part into its trace and a traceless part,

S:¥1+So, TI'S():O.

The trace supplies one independent number, while the traceless condition leaves
five independent symmetric components. Since R1R" = 1 and Tr(RSR") = Tr S,
rotations preserve these parts separately. Thus

9=(1+5)+3.

The inertia tensor provides a symmetric array; a quadrupole moment is de-
scribed by a symmetric traceless one. An antisymmetric array can be written
as Kjj = Y €k and carries a vector under proper rotations. In Part II the 1, 3,
and 5 dimensional spaces will be identified with angular momenta 0, 1, and 2.

For an array with n index positions, the index exchange generalises to an S, ac-
tion, which commutes with applying the same matrix g to every index. These
commuting actions connect Young diagrams with representations of matrix groups,
as developed in Part II.

5.5.3. Particle exchange

The exchange of two particles in §1.3.2 extends to n particles. Let P; be the oper-
ator permuting their labels, with P; P, = P;,. The usual bosonic and fermionic
exchange rules are respectively

Foy =4, Py = sgn(o)y.
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5.5. Permutations in physical systems

Since sgn is a homomorphism, the fermionic rule gives the same sign for every
sequence of pair exchanges producing o. All one-particle variables, including
spin, are exchanged together, so these rules apply to the full state.

KEY POINTS

- Disjoint cycles are the orbits of (¢); their lengths determine the order of ¢ by
taking the least common multiple.

- Cayley’s theorem embeds G in Sg through left multiplication.

- sgn(p) = det P(p) makes parity well defined. Its kernel A, has order n!/2 for
n>2.

— The classes of S, are its cycle types, labelled by partitions of n and drawn as
Young diagrams.

- Permutations organise physical coordinates and tensor positions. Rotations
preserve index symmetry but may split these spaces further.

KeY TERMS. cycle ¥4 - transposition X ## - cycle decomposition #2457 fif
- Cayley’s theorem gL EH - sign ¥ - even permutation fH B #t - odd
permutation & Bt - alternating group X5 AT - cycle type #2#1% - partition
7% - Young diagram #[& - Young tableau #57%
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