
Group Theory and its Applications - Problem Set 04 Due 10/31/2025

Problem 12 (The complex conjugate representation 1)

Consider two N -dimensional representations ϕ1, ϕ2 of SU(N) and U(N), where ϕ1(u) =

u, and ϕ2(u) = u∗, show that ϕ1, ϕ2 are

(1) equivalent for SU(2),

(2) inequivalent for U(2),

(3) inequivalent for SU(N) (N > 2).

Problem 13

(1) Let H be a subgroup of G and [G : H] = 2. Show that H ◁G.

(2) Let Z(G) be the center of group G. Show that if G/Z(G) is cyclic, then G is abelian.

Problem 14

Show that

(1) SL(n, κ)◁GL(n, κ), and

(2) An ◁ Sn.

Problem 15

For g1, g2 ∈ G, define the group commutator

[g1, g2] = g1g2g
−1
1 g−1

2 .

The commutator subgroup [G,G] is the subgroup generated by all the commutators.

Show that

(1) [G,G]◁G, and

(2) If H ◁G, then G/H is abelian if and only if [G,G] is a subgroup of H.
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