

























































































Review of basic ideas of rep Theory

Regular representation GXG

8 82 Lf R gs
is six 81782 III

now consider L R G GL Ra

restrict to subgroups G IT or 17 6

LRR Lg x gx

RRR RG x Xg

La LW.EE g zxcsihs7 E11 g

U 73181.8

View also as functions on G X G C

g it

Lui xp x chg
Rh.xJ 81 8.47

Define inner product

ix ys SaxI̅ycsidg
finite

f 4814181




























































































Chin Chiy Cx y unitary heps
We will use Lhl h In etc interchangably

4 5h81 g 1 h k ig 9
1 8 4
otherwise

recover Infrombefore

811 E Fondi 8gal kit k 1 chg Sg
Eligk

h8seehasytn2 84Sgcht.fi Shg 8 s

group
Ian

be viewed both as

operators and vector on RG

Also expand the class function on Ra

Sc c81 857Eur

Sc EIC 1.8 gE
or view Is classTperators

thee heh Edith Eat ci.ci heshet




























































































i.IE
Suppose U W wt

Define projector P onto W

XEV X w wt WEL whew

then Px

ygwewtgEG.gePx Igw Pgw1PEFfcw wt Pg

LP Pg

era Px zxa.mg

Define e Pe e Pepe Pe Pe e idempotent

Pps
then the invariant subspace is defined as

W Sxe Ra Ra e

Px KXERES

If P P L e he Pitpile e e

PP2 0 e ez o

irreps e is primitive can not be decomposed
into eites leito ex 0

Both Ci and P commutes with fEG is it possible to find
P'sonto irreps using Ci




























































































8 13 SC nstructionofcharactertable

We've seen a few charactertables for simplegroups
But how do we construct the character tables

We present an algorithm to obtain them

If we can find all the projectors onto irreps or

equivalently all the idempotent

someideas

Recall previously a Hamiltonian H is an

interteviner H.MG J 0

The eigenvectors 4,4span an invariant subspace Wof
the representationspace LCG

H4m En4µ

HI4n TGHYu Enter LEG

Ta Ya EW 8EG W is an invariant subspare

i e arepresentation space

VI W

If W is still reducible findanother

operator that satisfies 0 7183 0 IUSEGI




























































































Is
reduction of representations find all irrepe

This is an idea explored systematically

by pts Tat

BE I ccteedhkinb.TT EeD

English translation Group representation theory

for physicists 2nd Ed

World Scientific 202

The representation group and its

application to space groups

RMP 57 211 11985

First RMP of PRC

To illustrate the idea consider afinite group G

with I conjugacy classes Ci 5 1 r

Ci mi Correspondingly I irreps V and

characters Xp




























































































What operator commutes with all elements of Ra
The center of the group algebra 2 Ra
inspannetythertorsclass functions

VXEZCRGYjy.ge Eci
They have the following properties

the G Ci h 0 hah Eg 28h Ci

i j Ci Ci 0 because of

closed complete Cics CigCh ck Cj EN when

Cij the classmultiplication coefficient somethy we can
easily compute given a group

Pef hi hiz E Ci If'EG sit hi f'his8

Ething Z.gs8hizg 5 28hi g

m Cit EatCig mi fat Fiat
Lia Ci

LHS 1Gl Ci S o the rem these ef

Effat
a 141 Eh

one element on LHS then full class on RHS

cig Jfk 48
Any 8 CiCj belongs to some Ck then RHS contains full CK




























































































Shouldthey be enough for finding all irreps of
a group somearguments we've mentioned before

that Sci is a completebasis for L Gclass so

is XµY
If we can diagonalize some all Ci's and

decompose them into projectors find idempotent

From an algebraic point of view Eq provided
us with a set of eigenproblems

Ci Sc ETC jk Sck
with Sc an orthogonal basis of

is Fiskrecall inner product Scj Scp Tel g
Suppose for Ci we find its eigenvectors 0 s

a did
ea.gg pun or 440 0

then E 0m00 10 04 xp 01 i e 0 is also

an eigenvector associated to at.IN f Eethen MdV tuSpud Xpsome constant.EC CSco

Define P 2,50 PMPV SpuP P e are the

Ice idempotents of Ra projectors onto

and Ci E P is actually a linear clitination

of projectors onto irreps




























































































What if there is degeneracy Find another

Ci that splits the degeneracy

With a complete set of commuting operators Sw

one can uniquelydetermine the PM's

Note that when restricted to a specific irrep

n

We can also obtain by noticing

Tucci Fec118 Mix ICJ

Ci α Hun

x cost fur na dimU

i e XY YiXu CIB remaining two unknowns noXp

E mi Xp Ci tract Sun te E mi Xi x ̅ Spv

na cat x.tt

Xp

fordifferent groups
How to find a minimal CS Co THE
We will use a possibly over complete set

There are in total r linearly independent
di's We will try to diagonalize all ofthem




























































































ci
kixficoo.ES

ixcici xp Cid t.CI XnTCk3

in
so we can differentiate between different Ci's Cit Ciyi

ILHS Ermimj.IE3Xp C f 4 4174 4 mixes

IRHS na CIsmeXp Ca my L 4k

Define D tiy L ᵗ yi

I 4h 4

Solving the eagen problem L X1 4 0

and obtain a set of eigenvalues Xp

4 1 r

www.n




























































































Now recall the orthogonality relation

E mi Xp G XE Spv ortho of rows

I mi xµci7 GI

141 iXnC C 3 1 Eimi

nitimi Yet
nrteam.IEETY

were known fromabove

Implementation in practice

S3 E 12 13 123 123 1321

classoperators C E

C2 127 1131 231

iii iiiCs 1231 1132

class multiplication table

C Ca c explain
underlined

C C C2 symmetric

21 abelian
C




























































































Ljᵗ I y 3 3 matrix

Li Ci y ci y ci y y o to

L CPy y

LP 43

L2 Σ C 2 y 3y c ca c

cIcia L2 IC 3 2
IC.by ΣCisy

L ICI y
y y 4

if
a

3y Y 2y 3y
2y ay y y y

Y 342 243 yi
y 3y 243

X y t o y y
m l m EETYwrite in cols

Xa Mal 1 1 11 na 1

a Mn 1 1 11 43 1

c n 1 o It ne 1 5.1 É2




























































































Character table

1 31127 2141237

1T 1 1 1

1 1 1 1

2 2 0 1

Note that in the solution

g
4 342 zy

IDE
The eigenvalues of Ca is non degenerate

This defines a setofunique eigenvectors
that diagonalizes all Ci Which means I is

a CSCO by itself

Again see YALL for details of finding
a minimal CSco


