



































































































8 7Reducibleirreduciblerepresentations

Recall the direct sum of reps

Traw Tv Tw

New Him

Quite often instead we would like to

reduce a representation of largedimension
into representations of smaller dimensions

Definition let W CV be a linear subspace

of carrier space V of a group rep
T G G LVI Then W is invariant

under T aka an Iariantalubsp
if gEG WEW

Tf W E W






































































































Example

1 5J V

2 123 under 50121g xy plane is a subspace

quiz here
the planes at finite z

are not

3 canonical rep of Su

Tas et Ear

Then I é test ten is invariant

THE THE E Epy 5

in R
111 diagonal vector

4 Mat rep
M G GLIM K

Mij as afunction G K

g My 181

The linearspan of Mij with fixedI
R spanMij 5 1 n

Fitting ch Mg hg

Msj G Mis h
a function Tfficients






































































































Ri is an invariant subspace

leftactions

Lj span Mj 5 1 n

Is also invariant

LR span Mij 5,5 1 n subspace of LEG
is invariant under GXG action

g _82 f h f f thf2
note under left G action

Remarks LR L
1 CT V1 a rep W CV an invariant

subspace Then we can restrict

TtoW.ITw.Wl is a subrepresentation of F V

T w187 718T
We will write T instead of Tlw

2 if T is unitary on U then it is unitary
on W

TV Tues CV V2 VIEU






































































































Definitions A representation T V is reducible

if there is a proper nontrivial invariant subspace
WCU Wto V

If V is not reducible it is an irreducible
representation irrep I

Remarts

1 VEV span Tf V EG is

an invariant subspace

If T is an irrey it is v

such a vector is called a cyclic vector

Note the existence does not imply
that the representation is irreducible

consider et in the permutations

reprentation

Ie is a proper nontrivial

invariant subspace






































































































2 T W a subnet of T V

choose an ordered basis

Wi Wky
Then it can be completed to an

ordered basis of V
S Wi wk Ukti Un

7181 Wit My181 w Mz181 ailla
Tf lual M2183 aw Malfi balls

i e W 4 Mn Miz

Ma Ma

W invariant Mz 0

4191twit MilgijiWi

HIEI mimeatingMIMI
Mu is a rep on w

Maz is not a rep on VIW

What if we want to further simplify it

If we define a change of basis T1
tw.nl f w wstus cw.at

19






































































































1 E M Yu
Mum mis smash

Mzz87

we require Mar18 S Maf 0 fEG

This puts a stronger restriction on

the structure of the representation

3 quotientspace V W

Virva if Vi v2 EW

Tf v W TCS b W

TY 7184 OW TLY T8210 W

TCATCH O W

TG TBD O W

Ua define a basis for VW

as clat W The rep looks

like Maz wrt this basis

Definitions A representation T is called completely

reducible if it is isomorphic to a direct

sum of representations
W Wap Wn

where Wi are irreps Thus there is a basis

in which the matrices look like






































































































Mi 191 0 0

my mass

irrepsarheometey Assts

Édbreducibebut not completely indecomposable

Example

1 G 22 1 D hep V IR

trivial 9 11 f 1 1 1

9 112 1 f 41 1

2 G 22 1 52 e zy

Me 1
Met

1

A E f
1 Me A MA 01

P let Pt it 1

p let 1 p 12 1

IT V1 I 9 01 completely reducible

3 G U II Z E G 1171 1 V

Priti 2 for nEZ

On17,22 12,223 fact en Zn

ortheetherirreps






































































































4 Finite dimensional representations

of Abelian groups are completely reducible

Choosing an orderedorthonormal ON basis Sit

all Mf HLEG are commuting unitary matrices

over the complex field
M fit Mlf Mlf Mgt fi g EG

as required by the abelianity

M's can be simultaneouslydiagonized

spectral theorem
M 171 diag 121 NA Ada

For G UN any f d rep on V Qd

MA diaf en.cz enact end 7

V1 Pn fun end

Finite compact Abelian groups
all irreps are ID

e g 50121 Ro
we is

f o

So reducible on 0 but irreducible on IR






































































































5 Nonabelian 53 D

ieieiim.isIiI ii
Us e teates invariant subspace w

T lot no no T w Iw trivial rep

its complement wt span Ui Uz

a U e ez

us ez e

u

That U U T 1237 4 with T 43s U uz

That 42 with 711231742 the Tcas 42 4

ma I min 1 mass

unitary rep not unitary mat

b using of basis

Tayo inM 1141
T 1231302 ÉT 02

MEND É
similarly
Mcis Meira RCH if

1R I want






































































































6 more generally consider rep of Su
on Rn

no Ie invariant subspace W

L Iei XERY

Lt I Exie 1 Ex o XIERS

Both L and Lt are irreducible


